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The harge transfer statistis of a tunnel juntion oupled to a quantum objet is studied using
the harge projetion tehnique. The joint dynamis of the quantum objet and the number of
harges transferred through the juntion is desribed by the harge spei density matrix. The
method allows evaluating the joint probability distribution of the state of the quantum objet and
the harge state of the juntion. The statistial properties of the juntion urrent are derived from
the harge transfer statistis using the master equation for the harge spei density matrix. The
theory is applied to a nanoeletromehanial system, and the inuene on the average urrent and
the urrent noise of the juntion is obtained for oupling to a harmoni osillator.
PACS numbers: 73.23.-b,85.85.+j,72.70.+m,03.65.Yz
I. INTRODUCTION
In reent years it has beome possible to ouple harge
dynamis of eletrons to vibrational modes of a nanos-
truture, and the new eld of nanoeletromehanis has
emerged.
1
Nanoeletromehanial devies are expeted
to lead to new tehnologies, suh as ultra-small mass de-
tetion tehniques,
2,3
as well as stimulating fundamental
studies of quantum phenomena in marosopi systems.
4
For example, experiments have probed high-frequeny
nanomehanial resonators in order to reah the quan-
tum unertainty limit.
5,6,7,8
Charge transfer by mehani-
al motion has been studied in experiments shuttling sin-
gle eletrons.
9,10,11
Nanomehanial resonators are inves-
tigated for use in quantum information proessing.
12,13
The simplest possibility of detetion and ontrol of the
vibrational degree of freedom in a nanomehanial system
is at present via the oupling to a quantum point ontat
or a tunnel juntion. Reent theoretial studies of nano-
eletromehanial systems have therefore onsidered the
oupling of a harmoni osillator to a tunnel juntion.
The master equation for the osillator was originally ob-
tained by Mozyrsky and Martin,
14
using a method limit-
ing onsiderations to the zero-temperature ase, and the
inuene of the oupled osillator on the average urrent
was obtained. Smirnov, Mourokh and Horing examined
the non-equilibrium utuations of an osillator oupled
to a biased tunnel juntion.
15
Clerk and Girvin derived
the master equation for the osillator, and onsidered the
urrent noise power spetrum in the shot noise regime,
studying both the d and a ases.
16
Armour, Blenowe
and Zhang onsidered the dynamis of a lassial osilla-
tor oupled to a single eletron transistor,
17
and Armour
the indued urrent noise.
18
Related models were studied
in moleular eletronis.
19
Tunnel juntions funtioning as position detetors or
being monitored by a vibrational mode put emphasis on
a desription of the urrent properties of a tunnel jun-
tion in terms of its harge dynamis. Reently we on-
sidered a general many-body system oupled to a quan-
tum objet and onsidered their joint dynamis in the
harge representation.
20
This approah, based on a previ-
ously introdued harge projetion tehnique,
21
provides
a quantum desription of harge dynamis based diretly
on the density matrix for the system, and allows us to
treat the number of partiles in a given piee of mate-
rial as a quantum degree of freedom, establishing thereby
in proper quantum mehanial ontext the harge repre-
sentation. The evolution of the oupled systems is de-
sribed in terms of the harge spei density matrix for
the quantum objet, ρˆn(t), i.e., the dynamis onditioned
on the number n of harges in a speied spatial region
of the environment. When a many-body environment is
oupled to another quantum objet, the method allows
evaluating at any moment in time the joint probability
distribution desribing the quantum state of the objet
and the number of harges in the hosen region of the
many-body system. The harge spei density matrix
desription of the dynamis of a quantum objet is there-
fore an optimal tool to study transport in nanostrutures
sine in eletrial measurements any information beyond
the harge distribution is irrelevant. So far we have ap-
plied the method to harge ounting in a tunnel juntion
oupled to a disrete quantum degree of freedom, viz.
that of a two-level system, and shown that the harge
state of the juntion an funtion as a meter providing
a projetive measurement of the quantum state of the
two-level system.
20
In this paper we shall apply the harge projetion
method to the ase where the quantum objet oupled to
2the juntion is a ontinuous degree of freedom. In parti-
ular, we shall onentrate on the properties of the urrent
through the juntion due to the oupling to the quantum
objet. The statistial properties of the urrent through
the juntion and its orrelations with the dynamis of the
quantum objet oupled to it, shall be expressed through
the harge spei density matrix. We shall illustrate the
results for the ase of a harmoni osillator oupled to
the tunnel juntion. It should be notied, that urrent
experimental setups studying nanoeletromehanial sys-
tems are operated under onditions where temperature,
osillator exitation energy, and voltage bias aross the
juntion are omparable.
3,5,6
Furthermore, nanomehan-
ial osillators, suh as a suspended beam, are in addition
to the harge dynamis of the eletrons in the juntion
invariably oupled to a thermal environment, say the sub-
strate upon whih the osillator is mounted. We are thus
onsidering the situation where a quantum objet in ad-
dition to interating with a heat bath is interating with
an environment out of equilibrium. Having the additional
parameter, the voltage, haraterizing the environment
in non-equilibrium, gives rise to features not present for
an objet oupled to a many-body system in equilibrium.
The presented approah is appliable in a broad region of
temperatures and voltages of the juntion and arbitrary
frequeny of the osillator and thus generalizes previous
treatments.
The paper is organized as follows: In Se. II we in-
trodue the model Hamiltonian for a generi eletrome-
hanial nanoresonator, a harmoni osillator oupled to
a tunnel juntion, and derive the Markovian master equa-
tion for the harge spei density matrix. The master
equation for the harge unonditional density matrix, i.e.,
the harge spei density matrix traed with respet to
the harge degree of freedom of the juntion, is disussed
in detail for the ase of a harmoni osillator oupled to
a tunnel juntion. In Se. III we onsider the inuene
of the osillator on the urrent-voltage harateristi of
the juntion. In Se. IV we onsider the properties of the
stationary state of the osillator. We alulate the heat-
ing of the osillator due to the nonequilibrium state of
the juntion, and alulate the steady state I-V hara-
teristi of the juntion. In Se. V we onsider the urrent
noise in the juntion using the harge representation, and
obtain the expliit expression for the urrent-urrent or-
relator in the Markovian approximation. In Se. VI, the
theory is then applied to the ase of an osillator inu-
ening the urrent noise of the juntion. Finally, in Se.
VII we summarize and onlude. Details of alulations
are presented in appendies.
II. MASTER EQUATION
As a model of a nanoeletromehanial system we on-
sider a harmoni osillator oupled to a tunnel juntion.
The transpareny of the tunnel barrier is assumed per-
turbed by the displaement, x, of the osillator. The
resulting Hamiltonian is
Hˆ = Hˆ0 +Hl +Hr + HˆT (2.1)
where Hˆ0 is the Hamiltonian for the isolated harmoni
osillator with bare frequeny ωB and mass m. A hat
marks operators ating on the osillator degree of free-
dom. The Hamiltonians Hl,r speify the isolated left and
right eletrodes of the juntion
Hl =
∑
l
εl c
†
l
cl , Hr =
∑
r
εr c
†
r
cr (2.2)
where l,r labels the quantum numbers of the single par-
tile energy eigenstates in the left and right eletrodes,
respetively, with orresponding energies εl,r. The oper-
ator HˆT desribes the tunnelling,
HˆT = Tˆ + Tˆ
† , Tˆ =
∑
l,r
Tˆlrc
†
l
cr (2.3)
with the tunneling amplitudes, Tˆlr = Tˆ
†
rl
, depending on
the osillator degree of freedom. Due to the oupling, the
tunnelling amplitudes and thereby the ondutane of the
tunnel juntion depend on the state of the osillator. In
the following we assume a linear oupling between the
osillator position and the tunnel juntion
Tˆlr = vlr + wlrxˆ (2.4)
where vlr = v
∗
rl
is the unperturbed tunneling amplitude
and wlr = w
∗
rl
its derivative with respet to the position
of the osillator. The derivation of the equation of mo-
tion for the harge spei density matrix presented in
appendix A shows that the following ombinations of the
model parameters vlr and wlr enter the master equation:

G0
Gxx
Gx
gx

 =
2pi
~
∑
lr


|vlr|
2
|wlr|
2
ℜ (v∗
lr
wlr)
ℑ (v∗
lr
wlr)


(
−
∂f(εl)
∂εl
)
δ(εl−εr).
(2.5)
These lumped parameters for the juntion have the fol-
lowing physial meaning: Let G(x) = e2G(x), e being
the eletron harge, denote the ondutane as a fun-
tion of the osillator oordinate x when it is treated
as a lassial variable. Then, G0 gives the ondu-
tane of the juntion in the absene of oupling to the
osillator, G0 =
1
e2G|x=0, and Gx =
1
2e2
dG
dx |x=0 and
Gxx =
1
2e2
d2G
dx2 |x=0. The oupling onstant gx annot be
expressed via G(x). Note that gx hanges its sign upon
interhange of tunneling amplitudes between the states
in the two eletrodes, i.e., after the substitution l ↔ r.
Therefore, it is only nite for an asymmetri juntion
and is a measure of the asymmetry. As shown in setion
III, gx generates eets similar to harge pumping, as
well as nontrivial features in the eletri urrent noise as
disussed in setion VI. For later use it is onvenient to
3present the oupling onstants in terms of ondutanes
by introduing the harateristi length of the osillator
G˜xx = Gxxx
2
0 , G˜x = Gxx0 , g˜x = gxx0 , (2.6)
where x0 = (~/mω0)
1/2
, and ω0 is the frequeny of the
oupled osillator as introdued in appendix A.
A. Charge spei master equation
To study the interation of harge dynamis in a tun-
nel juntion with the dynamis of a quantum objet, we
desribe the ombined system, the quantum degree of
freedom oupled to a tunnel juntion, using the harge
spei density matrix method introdued in Ref. 20.
The approah employs harge projetors to study the dy-
namis of the quantum objet onditioned on the harge
state of the juntion. The harge projetion operator,
Pn, projets the state of the ondution eletrons in the
juntion onto its omponent for whih exatly n eletrons
are in a given spatial region, say in the left eletrode. The
harge spei density matrix is then speied by
ρˆn(t) = Trel (Pn ρ(t)) (2.7)
where ρ(t) is the full density matrix for the ombined
system, and Trel denotes the trae with respet to the
ondution eletrons in the juntion. Provided the sys-
tem at the initial time, t = 0, is in a denite harge
state, i.e., desribed by a harge spei density matrix
of the form ρˆn(t) = δn0 ρˆ0, where ρˆ0 is the initial state
of the quantum objet, the harge index n an be inter-
preted as the number of harges transferred through the
juntion. Thus the harge projetor method provides a
basis for harge ounting statistis in the ases where the
distribution funtion for transferred harge is relevant as
disussed in Ref. 21. The harge spei density matrix
allows therefore the evaluation, at any moment in time,
of the joint probability of the quantum state of the ob-
jet and the number of harges transferred through the
juntion. For example, if the harge spei density ma-
trix is traed over the quantum objet degree of freedom,
the probability pn(t) that n harges in time span t are
transferred through the low transpareny tunnel jun-
tion is the expetation value of the harge projetor, or
expressed in terms of the harge spei density matrix
pn(t) = Tr (ρn(t)) (2.8)
where the trae is with respet to the degree of freedom
of the oupled quantum objet.
The Markovian master equation for the harge spe-
i density matrix, ρˆn(t), for the ase of oupling of the
juntion to a quantum objet is derived and disussed
in appendix A. The Markovian approximation is valid
for desribing slow time variations of the density ma-
trix; the exat onditions of the appliability are spe-
ied later one the harateristi times of the problem
have been identied. To lowest order in the tunneling,
the master equation for the harge spei density ma-
trix an be generally written in terms of super-operators:
a Lindblad-like term Λ, a diusion term D and a drift
term J :20
˙ˆρn = −
i
~
[Hˆ0, ρˆn] + Λ{ρˆn}+D{ρˆ
′′
n}+ J {ρˆ
′
n}, (2.9)
where ρˆ′n and ρˆ
′′
n denote the disrete derivatives,
ρˆ′n =
1
2
(ρˆn+1 − ρˆn−1) , (2.10)
ρˆ′′n = ρˆn+1 + ρˆn−1 − 2ρˆn. (2.11)
General expressions for the super-operators in Eq. (2.9)
are presented in appendix A as well as their spei form
for the ase of oupling to an osillator. The equation
shall in Se. IV be used to study the urrent noise in
the juntion due to the oupling to a quantum objet,
before we in Se. V onsider the expliit ase of an osil-
lator oupled to the juntion. However, rst we analyze
the master equation for the unonditional density ma-
trix, i.e., the harge spei density matrix traed with
respet to the harge degree of freedom of the juntion.
B. Unonditional Master equation
Often interest is not in the detailed information of the
harge evolution of the tunnel juntion ontained in the
harge spei density matrix. If for example interest is
solely in properties of the osillator, this information is
ontained in the traed harge spei density matrix.
We are thus led to study the master equation for the
redued or harge unonditional density matrix, the den-
sity matrix traed with respet to the harge degree of
freedom, ρˆ(t) =
∑
n ρˆn(t). Performing the harge trae
on Eq. (2.9), the master equation for the redued density
matrix an be written in the form
˙ˆρ(t) =
1
i~
[HˆR, ρˆ] +
γ
i~
[xˆ, {pˆ, ρˆ}]−
D
~2
[xˆ, [xˆ, ρˆ]]
+
A
~2
[xˆ, [pˆ, ρˆ]] . (2.12)
The form of the master equation is generi to any ontin-
uous quantum degree of freedom oupled linearly to the
juntion, and has the well-known form for a partile ou-
pled to a heat bath.
22,23
In the following we onsider the
model Hamiltonian for a nanoeletromehanial system
introdued in setion II, and enounter the renormalized
osillator Hamiltonian
HˆR =
pˆ2
2m
+
mω20xˆ
2
2
(2.13)
whih in addition to having a renormalized osillator fre-
queny ω0, suers a voltage dependent linear shift in the
equilibrium position of the osillator, whih in the follow-
ing is assumed absorbed into the position of the osillator
(for details see appendix A).
4The seond and third term on the right in Eq. (2.12)
represent the physial inuenes of frition and utua-
tions of the environment. For a nanomehanial objet,
the environment onsists of several parts. The rst one,
whih we have expliitly inluded in the model, is the
tunnel juntion. The other one is inluded phenomeno-
logially by introduing γ0 and D0, the values of the fri-
tion and diusion parameters in the absene of oupling
to the juntion. The physial mehanism generating the
frition oeient γ0 and diusion oeient D0 is, e.g.,
the heat exhange of the nanosale osillator and the bulk
substrate it is mounted on. Thus the latter environment
ould also be modeled mirosopially in the standard
manner of oupling a quantum objet to a heat bath.
22,24
Then, with the model Hamiltonian in Eq. (2.1) giving the
eletroni environment ontribution due to the oupling
to the juntion, the total frition and diusion oeients
beome
γ = γ0 + γe , D = D0 +De (2.14)
where γe is the eletroni ontribution to the damping
oeient
γe =
~
2Gxx
m
(2.15)
proportional to the oupling strength Gxx, and the ele-
troni ontribution to the diusion oeient is
De = mγeΩcoth
Ω
2Te
(2.16)
where Ω = ~ω0 and the voltage dependent parameter,
Te, is given by the relation
coth
Ω
2Te
=
V +Ω
2Ω
coth
V +Ω
2T
+
V − Ω
2Ω
coth
V − Ω
2T
.
(2.17)
Here T is the temperature of the juntion and we assume
a d voltage bias, V = eU , U being the applied voltage.
We note that the r.h.s. of Eq. (2.17) is proportional to
the well-known value of the power spetrum of urrent
noise of the isolated juntion, taken at the frequeny of
the osillator.
25
The fat that the juntion as a part of
the environment is in a non-equilibrium state, is reeted
in the voltage dependene of the eletroni ontribution
to the diusion oeient. In setion IV we show that Te
is the eetive temperature of the juntion seen by the
osillator.
The phenomenologial parameters D0 and γ0 are re-
lated to eah other by virtue of the utuation-dissipation
theorem. Assuming that the juntion and the part of the
environment responsible for γ0 and D0 have the same
temperature, T , the diusion oeient an be generally
presented in the form
D = mΩ
(
γ0 coth
Ω
2T
+ γe coth
Ω
2Te
)
. (2.18)
The master equation Eq. (2.12) ontains the term pro-
portional to the oupling onstant A. A term with
this struture has been obtained in previous disussions
of quantum Brownian motion.
23,26
The derivation of
the master equation for the osillator (see appendix A)
shows that the main ontribution to the oeient A in
Eq. (2.12) omes from virtual tunneling proesses with
energy dierene of initial and nal states of the order of
the Fermi energy, in ontrast to the frition and diusion
oeients whih are ontrolled solely by the tunneling
events in the viinity of the Fermi surfae. Besides, om-
pared with the other terms in Eq. (2.12), the A-term
has dierent symmetry relative to time reversal, i.e., the
transformation ρˆ → (ρˆ)
∗
and t → −t. The damping
and diusion terms, whih are odd relative to time rever-
sal, desribe the irreversible dynamis of the osillator,
whereas the last term in Eq. (2.12) just like the Hamilto-
nian term is time reversible. These observations give the
hint that the A-term is responsible for renormalization-
like eets. This suggests that the A-term should be
treated on a dierent footing than the dissipative terms.
Indiretly, the A-term an be absorbed into the Hamilto-
nian dynamis at the prie of having the time evolution
of the osillator desribed by a renormalized density
matrix. Indeed, if we apply a (non-unitary) transforma-
tion to the density matrix,
ˆ˜ρ = R{ρˆ}, by ating on the
density matrix ρˆ with the super-operator
R{ρˆ} = ρˆ+ µ[pˆ, [pˆ, ρˆ], (2.19)
we an by proper hoie of the parameter µ,
µ =
A
2mΩ2
, (2.20)
anel the A-term in the equation for the transformed
matrix
ˆ˜ρ. Leaving the γ andD−terms intat, the ounter
term is produed by the super-operator R ating on the
Hamiltonian part of the master equation Eq. (2.12). Ap-
plied to the original A-term, this proedure generates
an additional ontribution proportional to the produt
µA ∝ A2, and it an be negleted to lowest order in the
oupling, the limit whih an be onsistently studied.
The renormalized density matrix now obeys the master
equation
˙ˆρ(t) = K{ρˆ} (2.21)
where
K{ρˆ} =
1
i~
[HˆR, ρˆ] +
γ
i~
[xˆ, {pˆ, ρˆ}]−
D
~2
[xˆ, [xˆ, ρˆ]], (2.22)
up to a term quadrati in the oupling onstant. For
ompat notation, we have introdued the super-operator
K, and dropped the tilde for marking the renormalized
density matrix: thus in the following the renormalized
density matrix will also be denoted by ρˆ. The master
equation being derived for the ase of oupling to a tun-
nel juntion is seen to be of the same form as for ou-
pling linearly to a heat bath, i.e., an equilibrium state
of a many-body system; the generi form of a damped
5quantum osillator known from numerous investigations
on quantum Brownian motion.
22
However, the diusion
term is qualitatively dierent from the usual ase where
the quantum objet is oupled only to a heat bath. The
non-equilibrium state of the juntion, haraterized by
its voltage, gives rise to features not present when the
oupling is simply to a many-body system in equilibrium.
We note that the super-operator, R, does not hange
the trae of the density matrix it operates on, and the
renormalized density matrix is also normalized to unity.
However, one has to keep in mind that the observables
are to be alulated with the unrenormalized density
matrix. Up to rst order in the oupling onstant the
expetation value of an observable O are now given in
terms of the renormalized density matrix aording to
〈O〉 = Tr
((
Oˆ −
A
2mΩ2
[pˆ, [pˆ, Oˆ]]
)
ρˆ
)
. (2.23)
This relation transfers renormalization from the density
matrix to observables. In the language of the Feynman
diagram tehnique, Eq. (2.23) orresponds to a vertex
orretion.
In this paper, we use the Markovian approximation to
desribe the time evolution of the density matrix. This
approximation is valid in the low frequeny limit. For the
d-bias ase, the harateristi frequeny of time varia-
tion of the density matrix, ω, must be small enough to
meet the ondition
ω ≪ ωmax , ωmax ≡ max
(
T
~
,
V
~
)
. (2.24)
From the unonditional master equation, the harater-
isti frequeny is seen to be determined by the frition
oeient, ω ∼ γ. This means that the oupling on-
stant Gxx in Eq. (2.15) must be small enough to meet
the ondition γ ≪ ωmax.
III. CURRENT-VOLTAGE CHARACTERISTIC
The average value of the urrent through the juntion
is given in terms of the probability distribution for harge
transfers, i.e.,
20
I(t) = −e
d
dt
∑
n
nTrρˆn(t) (3.1)
where Tr denotes the trae with respet to the degree
of freedom of the oupled quantum objet. However, to
lowest order in the tunneling, the average urrent turns
out to be expressible through the harge unonditional
density matrix, the redued density matrix for the ou-
pled quantum objet. Indeed, the master equation for
the harge spei density matrix then enables one to
express the time derivative in Eq. (3.1) in terms of the re-
dued density matrix for the quantum objet, the harge
unonditional density matrix
I(t) = eTrJ {ρˆ(t)} (3.2)
where the drift super-operator, J , is speied in
Eq. (A11).
A. Contributions to the urrent under d bias
For a d bias V = eU , U being the applied voltage, the
drift operator J is given by Eq. (A11), and the urrent,
Eq. (3.2), is speied by
1
e
I(t) = V 〈G〉t + Iq(V ) + Ip(t) (3.3)
and in general time dependent due to the oupling to
the osillator. The urrent onsists of three physially
distint ontributions. The rst term is the Ohmi-like
part of the urrent proportional to the ondutane
〈G〉t = G0 + 2Gx〈x〉t +Gxx〈x
2〉t , (3.4)
the instantaneous value of the ondutane operator,
Eq. (A12), where 〈xn〉t ≡ Tr (xˆ
nρˆ(t)). We note that
besides the pure Ohmi term of the isolated juntion,
the additional terms due to the oupling to the osillator
will in general ontribute to the non-linear part of the
urrent-voltage harateristi sine the state of the osil-
lator will depend on the voltage. A ase in question is
disussed in the next setion, where the stationary state
of the osillator is onsidered.
The seond term, Iq, originates aording to the deriva-
tion due to position and momentum operators are not
ommuting and for this reason we refer to it as the quan-
tum orretion to the urrent
Iq(V ) = −
1
2
G˜xx∆V , (3.5)
where ∆V is speied in Eq. (A13) or equivalently
∆V = V + (Ω + V )NΩ+V − (Ω− V )NΩ−V (3.6)
and NΩ±V = 1/(e
Ω±V
T − 1).
The last term in Eq. (3.3),
Ip(t) = e~gx〈 ˙ˆx〉t , ˙ˆx =
pˆ
m
, (3.7)
is proportional to the average veloity of the osillator,
and present only for an asymmetri juntion, gx 6= 0.
The Ohmi part of the urrent is alulated in setion
IVB for the stationary ase. Next we turn to disuss the
quantum orretion and the dissipationless ontribution
to the urrent.
B. Quantum orretion to the urrent
The quantum dynamis of the osillator leads to a sup-
presion of the d urrent as expressed by the quantum
orretion to the urrent, Iq(V ). Unlike the other terms
in the expression for the urrent, Eq. (3.3), the quantum
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FIG. 1: Voltage dependene of the quantum orretion to the
juntion ondutane, Gq. The three urves orrespond to the
following relations between the juntion temperature T and
the osillator frequeny: T = 0.01Ω, T = Ω, and T = 10Ω. At
high temperatures, T ≫ Ω, the quantum orretion is small
and shows no partiular voltage dependene (dotted line). At
low temperatures, T ≪ Ω, two distint regions an be distin-
guished. At voltages lower than the osillator frequeny the
quantum orretion stays onstant, and at voltages higher
than the osillator frequeny it is inversely proportional to
the voltage.
orretion, Iq(V ), does not depend on the state of the
osillator, but only on its harateristi energy and the
temperature of the juntion. At low voltages, V ≪ T ,
the quantum orretion is linear in the voltage
Iq = −V G˜xx
(
1
2
+NΩ −
Ω
T
NΩ(NΩ + 1)
)
(3.8)
where NΩ = 1/(e
Ω
T − 1). At large voltages it reahes a
onstant value
Iq ≈ −
1
2
G˜xx Ω , V ≫ T,Ω , (3.9)
in agreement with an earlier result obtained by a teh-
nique valid at zero-temperature.
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Our approah gener-
alizes the expression for the urrent to arbitrary relations
between juntion voltage and temperature, and the fre-
queny of the osillator. The voltage dependene of the
quantum orretion to the ondutane, Gq = Iq/V , is
shown in Fig.1 for dierent temperatures.
C. Dissipationless urrent
The last ontribution in Eq. (3.3) to the urrent, Ip,
is qualitatively dierent from the other terms. From
Eq. (3.7), one sees that Ip is proportional to the ve-
loity of the osillator. Therefore, the orresponding
transferred harge through the juntion, δQp = Ipδt, is
ontrolled by the oordinate of the osillator: δQp =
e~gx δ〈x〉. Being proportional to a veloity, the urrent
ontribution Ip is odd with respet to time reversal, and
therefore a dissipationless urrent.
The presene of the term Ip in the urrent, whih does
not depend expliitly on the voltage, means that a ur-
rent through the juntion an be indued just by the
motion of the osillator alone, i.e., by the time variation
of a system parameter whih in our ase is the juntion
transpareny. This eet is losely related to the well
known physis of quantum pumping,
27,28
but has not,
to our knowledge, been disussed in the present ontext.
The dissipationless pumping-like urrent, Ip, is propor-
tional to the oupling onstant gx. This ontribution to
the urrent is thus only present if the tunnel juntion is
asymmetri. This is in onordane with the quantum
pumping eet.
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The global symmetry properties of the
system thus ruially determine the existene and mag-
nitude of the indued urrent.
A single mode osillator driven by an external peri-
odi fore at frequeny ω indues an ac-urrent, I∼, with
the same frequeny and a phase of the a urrent rigidly
following the phase of the external fore. For a given
amplitude of the osillations, xmax, the magnitude of the
ac-urrent an be estimated as
I∼ ∼ αas e ω (3.10)
where the dimensionless parameter αas = ~gxxmax har-
aterizes the eetive asymmetry of the juntion. In prin-
iple, αas may be omparable to unity so that I∼ ∼ eω,
provided the amplitude of the osillations xmax is large
enough and the ondutane of the juntion is not too
small.
One an show that in the ase of an osillator with two
or more modes interating with the juntion, the orre-
sponding term generates direted pumping of harge.
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IV. STATIONARY STATE PROPERTIES
In this setion, we shall study the stationary state
of the redued density matrix for the osillator in the
Markovian approximation. The question arises whether
the stationary state of the osillator is a thermal equi-
librium state even though the environment is in a non-
equilibrium state as the juntion is biased. Aording to
Eq. (2.21), the stationary renormalized density matrix of
the osillator, ρˆs, is determined by the equation
K{ρˆs} = 0, (4.1)
and the solution is indeed of the form of a thermal density
matrix, ρˆs ∝ exp
(
−HˆR/T
∗
)
, where the temperature of
the osillator, T ∗, is speied by the relation
coth
Ω
2T ∗
=
D
γmΩ
.
Using Eq. (2.18), the temperature of the osillator is re-
lated to the environment temperature and the voltage
bias aording to
coth
Ω
2T ∗
=
γ0
γ0 + γe
coth
Ω
2T
+
γe
γ0 + γe
coth
Ω
2Te
.
7The average oupation number for the osillator, N∗,
is given by the Bose funtion, N∗ = 1/(eΩ/T
∗
− 1), and
seen to be populated separately by the interation with
the two environments
N∗ =
γ0
γ
NΩ +
γe
γ
Ne (4.3)
where Ne = 1/(e
Ω
Te − 1).31
We observe, that the osillator aquires the temper-
ature of the bath, T ∗ ≈ T , if the interation with the
juntion is weak and γ0 is the dominant ontribution to
the frition, γ0 ≫ γe. The general ase and the opposite
limit where the dynamis of the juntion is dominating,
γe ≫ γ0, we proeed to onsider.
A. Osillator heating
When the osillator is well isolated and the interation
with the juntion dominates, γe ≫ γ0, the osillator at-
tains aording to Eq. (4.2) the eetive temperature of
the juntion Te, as given by Eq. (2.17). As expeted, in
the absene of a bias voltage aross the juntion, V = 0,
the temperature of the osillator equals that of the jun-
tion irrespetive of its temperature. When the juntion
is biased, the osillator is generally heated exept at zero
temperature and low voltages, and we rst disuss the
ase of a juntion at zero temperature.
At zero juntion temperature, T = 0, we must distin-
guish two voltage regions. If the voltage is smaller than
the frequeny of the osillator, V < Ω, the temperature
of the osillator is also zero, T ∗ = 0, independent of the
voltage as it follows from Eq. (4.2). In this regime, the
interation with the tunneling eletrons is unable to ex-
ite the osillator from its ground state. Heating an
only take plae beyond the voltage threshold given by
the osillator frequeny. If instead the voltage is larger
than the frequeny of the osillator, V > Ω, the temper-
ature of the osillator, T ∗, is determined by the following
relation to the voltage
tanh
Ω
2T ∗
=
Ω
|V |
, (4.4)
At high voltages, V ≫ Ω, the temperature of the os-
illator approahes half the bias voltage, T ∗ = V/2, in
agreement with the result obtained in a previous study
where the temperature of the juntion was assumed to
vanish.
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The heating of the osillator, its exess temperature,
∆T = T ∗−T , as a funtion of the bias, is shown in Fig. 2,
both for the ase where the oupling to the juntion
dominates and the opposite ase of dominating external
damping. The eet of the external damping is shown for
moderate to strong external oupling, γ/γe = 5, 10, 100.
Inreasing the oupling to the external heat bath leads
to suppression of the heating of the osillator, the ad-
ditional environment ating as a heat sink. In the ase
50
5
100
10
150
15
200
20 25 30
20
40
60
80
100
1
2
3
4 
=T = 1

=T = 100

=T = 50
V=T

e
= = 0:1

e
= = 0:01

e
= = 0:2
V=T
T=T
T=T
FIG. 2: Heating of the osillator, its exess temperature,
∆T = T ∗ − T , as a funtion of the bias voltage for the tem-
perature T = 0.1Ω, and dierent ratios of γe/γ, overing from
moderate to strong external oupling. The inuene of the ex-
ternal damping redues the heating eet. The inset shows
the heating with negligible external damping (γe/γ = 1) as
a funtion of the bias voltage for dierent juntion tempera-
tures. At juntion temperatures low ompared to the osilla-
tor frequeny, T ≪ Ω, two regions of voltage dependene an
be distinguished with a rapid swith as the voltage passes the
value of the frequeny of the osillator. If the bias voltage
is smaller than the osillator frequeny, V < Ω, the osilla-
tor temperature, T ∗, depends only weakly on the voltage. In
the region where the voltage exeeds the osillator frequeny,
V > Ω, the osillator temperature approahes V/2.
where the oupling to the juntion dominates, the inset
shows that at low temperatures the osillator is not ex-
ited at voltages below the frequeny of the osillator.
At high voltages, V ≫ Ω, T , in the shot noise regime,
the temperature of the osillator T ∗ an be found from
Eq. (4.4). Just as in the ase of vanishing juntion tem-
perature, the osillator temperature approahes half the
bias voltage, T ∗ = V/2, at large bias, and these results
generalize previous studies whih were limited to zero
temperature and high voltages, V ≫ Ω.14,16
In the quest for using tunnel juntions to measure the
position of a oupled objet with the ultimate preision
set by the unertainty priniple,
5,6,7,8
it is important to
take into aount that the measuring, involving a nite
voltage, will invariably heat the osillator. In this respet
the presene of the additional heat bath, desribed by the
oupling γ0, is important. For example, envisioning the
osillator has been ooled to a temperature T muh lower
than Ω and a voltage is turned on. In order to obtain an
appreiable signal the voltage must be larger than Ω. The
osillator will then in a time span of the order of γ−1 be
heated and attain a temperature for whih the average
number of quanta in the osillator is
N∗ =
γe
2γ
|V | − Ω
Ω
. (4.5)
Estimating the osillator temperature, we have T ∗ ∼
Ω/ ln(γ/γe). A strong environmental oupling an thus
be beneial for retaining the osillator in the ground
8state.
B. I − V harateristi
In the stationary state, the d urrent I(V ), Eq. (3.3),
is onveniently written on the form
1
e
I(V ) = V G0 +
1
2
G˜xx
(
2V N∗ + (Ω− V )NΩ−V
− (Ω + V )NΩ+V
)
. (4.6)
As before, N∗ is the oupation number of the osillator
at the temperature T ∗. In the stationary state, only the
oupling onstant Gxx is eetive.
The rst term in Eq. (4.6) is the urrent through the
isolated juntion, and the remaining term desribes the
inuene of the osillator on the urrent. It is interesting
to onsider the latter in the limit of vanishing environ-
ment temperature, T = 0. At zero temperature, we must
distinguish two voltage regimes. If the voltage is smaller
than the frequeny of the osillator, V < Ω, we observed
in the previous setion that the osillator remains in the
ground state, N∗ = 0, and the average urrent turns out
to be equal to that of an isolated juntion, I = eG0V .
One observes that the eet of zero point utuations
present in the ondutane, Eq. (3.4), is exatly an-
elled by the quantum orretion, Eq. (3.5). This lak
of inuene of zero point utuations is expeted sine
the osillator in its ground state is inert to the tunneling
eletrons for suh low bias.
If the voltage is larger than the osillator frequeny,
V > Ω, the slope of the I-V harateristi, at T = 0,
abruptly inreases, I = V G0 + (V − Ω)G˜xx/2.
At arbitrary temperatures, the linear ondutane of
the juntion, G = I/V , V → 0, is given by
1
e2
G = G0 + G˜xx
Ω
T
NΩ(NΩ + 1) . (4.7)
To derive this formula, we reall that in the limit of van-
ishing bias, V → 0, the osillator attains the temperature
of the juntion, T ∗ = T .
At high temperatures, T ≫ V, Ω, the quantum orre-
tion to the urrent, and thereby the nonlinear quantum
orretions, vanish, and we obtain the result
1
e
I(V ) = V
(
G0 +Gxx〈x
2〉∗
)
, 〈x2〉∗ =
T ∗
mω20
(4.8)
where 〈x2〉∗ is the mean square of the osillator oordi-
nate at temperature T ∗. This result is to be expeted
from a lassial osillator in thermal equilibrium inu-
ening the ondutane of a tunnel juntion. The I − V
harateristi is in this regime nonlinear due to the volt-
age dependene of T ∗, Eq. (4.2).
V. CURRENT NOISE
In this setion we use the harge projetion tehnique
to develop the desription of the statistial properties of
the urrent of a tunnel juntion oupled to a quantum ob-
jet. The disussion will be kept quite general before we
in the next setion speialize to the ase of a harmoni
osillator, the nano-eletromehanial model of setion
II. We shall show how the harge dynamis, desribed
by the master equation for the harge spei density
matrix, an be used to obtain the statistial properties
of the juntion urrent, suh as the noise power spe-
trum. The prerequisite for the suess of this endeavour
is that for the onsidered low transpareny tunnel jun-
tion, the harge representation in fat provides the prob-
ability distribution for the harges transferred through
the juntion.
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A. Current noise in the harge representation
The probability, pn(t), for n harge-transfers in time
span t is aording to Eq. (2.8) given by pn(t) =
Tr ρˆn(t), where ρˆn(t) is the harge spei density ma-
trix, Eq. (2.7). The harge-transfer probability distribu-
tion speies the stohasti proess of harge transfers,
n(t). The variane of the harge utuations
〈〈
n2(t)
〉〉
=
〈
n2(t)
〉
− 〈n(t)〉
2
, (5.1)
is dened in terms of the moments of the probability
distribution of harge transfers
〈nr(t)〉 =
∑
n
nr pn(t) , pn(t) = Tr (ρˆn(t)) . (5.2)
To express the statistial properties of the urrent in
terms of the probabilities for harge transfers, we inherit
the stohasti urrent proess, i(t), through its relation
to the harge transfer proess
n(t) =
∫ t
0
dt′i(t′). (5.3)
The average urrent, given by 〈i(t)〉 = d 〈n(t)〉 /dt, is
in aordane with Eq. (3.1). The variane of the harge
utuations are expressed via the urrent utuations a-
ording to
〈〈
n2(t)
〉〉
=
∫ t
0
dt1
∫ t
0
dt2 〈δi(t1)δi(t2)〉 . (5.4)
where δi(t) = i(t)− 〈i〉, and 〈i〉 is the average dc urrent
sine we in the following shall onsider the stationary
state. Stationary urrent noise is haraterized by the
urrent-urrent orrelator
S(τ) = 〈δi(t+ τ)δi(t)〉 . (5.5)
9Inserting this expression into Eq. (5.4) one obtains
〈〈
n2(t)
〉〉
= 2
∫ t
0
dτ (t− τ)S(τ) . (5.6)
This expression allows one to relate the harge and ur-
rent utuations.
Taking time derivatives of Eq. (5.6) gives
d
〈〈
n2(t)
〉〉
dt
= 2
∫ t
0
dτ S(τ), (5.7)
and
S(t) =
1
2
d2
〈〈
n2(t)
〉〉
dt2
, (5.8)
i.e., the urrent-urrent orrelator equals the seond
derivative of the variane of harge transfers. This re-
lation allows one to alulate the urrent-urrent orrela-
tor, S(t), by evaluating the harge utuations using the
master equation for the harge spei density matrix.
Eventually, interest is in the urrent noise power spe-
trum, Sω, given by
Sω = 4
∫ ∞
0
dt cos(ωt)S(t) (5.9)
where ω is the frequeny at whih the noise is measured.32
We observe that the zero frequeny noise power, a-
ording to Eqs. (5.7) and (5.9), an be alulated from
the general relation
Sω=0 = 2
d
〈〈
n2(t)
〉〉
dt
∣∣∣∣∣
t→∞
(5.10)
i.e., as the rate of hange of the harge variane at large
times.
In the present approah it is onvenient to alulate di-
retly the urrent-urrent orrelator, as done in the next
setion and appendix B. Only at the end we then trans-
form to obtain the noise power spetrum. However, we
note that the approah is equivalent to employing the
widely used MaDonald formula.
33
B. Current-urrent orrelator
In this setion we show how the master equation for
the harge spei density matrix, an be used to obtain
the noise power spetrum of the urrent. A onvenient
feature of the method is that it allows one diretly to
obtain the time dependene of the urrent noise.
The probability distribution of harge transfers, pn(t),
is obtained from the master equation for the harge
spei density matrix given the initial ondition orre-
sponding to a state of denite initial harge
ρˆn(t = 0) = δn,0 ρˆs (5.11)
at the time when the harge ounting starts, the initial
time t = 0. We are interested in the noise properties of
the stationary state and, therefore, the stationary density
matrix of the osillator, the thermal state ρˆs, enters the
initial ondition.
In the following we shall treat the harge spei dy-
namis in the Markovian approximation. The harge
spei density matrix ρˆn(t), is obtained as the solution
of the master equation Eq. (2.9). For notational onve-
niene we write the harge spei master equation in
the form
dρˆn
dt
= K {ρˆn}+D {ρˆ
′′
n}+ J {ρˆ
′
n} , (5.12)
where K is the super-operator introdued in Eq. (2.21).
Although the ρˆn's are time dependent, the unonditional
density matrix, ρˆ =
∑
n ρˆn(t), remains equal to the
thermal state, ρˆs, by virtue of its stationarity property,
K{ρˆs} = 0. Our goal is now to evaluate the variane
of the harge transfers and thereby the urrent-urrent
orrelator with the help of Eq. (5.8).
The rate of hange of the rst harge moment, i.e.,
the d urrent aording to Eq. (3.1), beomes in the
stationary state
1
e
I = −Tr (J {ρˆs}) , (5.13)
following from Eq. (3.2) and the stationarity property
of the density matrix for the oupled quantum objet,
ρˆ(t) = ρˆs. The d urrent was alulated in setion IVB.
It readily follows Eq. (5.12), that the time derivative
of the variane of harge transfers,
〈〈
n2(t)
〉〉
, an be pre-
sented in the form
d
dt
〈〈
n2(t)
〉〉
= 2Tr (D {ρˆs})− 2Tr
(
J
{
δNˆ(t)
})
,
(5.14)
where δNˆ(t) denotes the traeless matrix
δNˆ(t) =
∑
n
(n− 〈n(t)〉) ρˆn(t). (5.15)
We observe that only the trunated density matrix,
δNˆ(t), is needed to alulate the noise.
Comparing Eq. (5.14) and Eq. (5.7), one onludes
that the urrent-urrent orrelator has a δ−funtion like
singularity at the initial time, t = 0, where the harge
ounting starts. Indeed, the r.h.s. of Eq. (5.14) has a
nite limit as t → 0, given by the rst term, sine the
seond term initially vanishes, δNˆ(t = 0) = 0. For this
result to be ompatible with Eq. (5.7) and Eq. (5.8), the
urrent-urrent orrelator, S(t), must have the following
struture
S(t) = S1(t) + S2(t) , (5.16)
the sum of a singular ontribution,
S1(t) = 2Tr (D {ρˆs}) δ(t) (5.17)
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where δ(t) denotes a funtion peaked at t = 0 and nor-
malized aording to the ondition
∫∞
0
dt δ(t) = 12 , and
a regular part given by
S2(t) = −Tr
(
J
{
δIˆ(t)
})
, (5.18)
where δIˆ denotes the matrix, δIˆ = ddt δNˆ . The nite time
orrelation of the urrent desribed by the regular part
S2(t) is solely due to the interation with the quantum
objet, as follows from δIˆ(t) being traeless. We note
here that the δ-funtion singularity, whih would provide
noise at arbitrary high frequenies, is an artefat of the
Markovian approximation.
The task of alulating the time dependent urrent
noise is thus redued to obtaining the time derivative
of the harge-averaged density matrix, δNˆ(t), given in
Eq. (5.15). From the master equation for the harge spe-
i density matrix one obtains the following equation
for δIˆ(t),
d
dt
δIˆ = K{δIˆ}, (5.19)
and the initial ondition
δIˆ
∣∣∣
t=0
= −δJ {ρˆs} . (5.20)
Here the super-operator δJ ats on its argument matrix
aording to
δJ {X} = J {X} −X (TrJ {X}) . (5.21)
We note, that ating on a matrix X with unit trae,
TrX = 1, the super-operator δJ returns a traeless ma-
trix. The dynamis of the harge averaged quantity δIˆ is
thus idential to that of the harge unonditional density
matrix of the osillator.
The formal solution to Eq. (5.19) an be written in
terms of the time evolution super-operator for the harge
unonditional density matrix of the osillator
Ut = e
Kt
(5.22)
as
δIˆ(t) = −Ut {δJ {ρˆs}} (5.23)
and the regular part of the urrent-urrent orrelator an
be written on the form
S2(t) = Tr (δJ {Ut {δJ {ρˆs}}}) . (5.24)
Here J in Eq. (5.18) has been replaed for δJ in
Eq. (5.18); the replaement is valid under the trae op-
eration sine Tr δIˆ(t) = 0. Combined with the singular
part in Eq. (5.16), this gives the general expression in the
Markovian approximation for the urrent-urrent orre-
lator of a tunnel juntion interating with a quantum
system in its stationary state. The urrent noise orrela-
tor has thus onveniently been written with the help of
the Markovian super-operators K, J and D.
In the next setion we shall turn to alulating the
noise properties for the ase of the nanoeletromehanial
devie desribed in setion II.
VI. NOISE POWER SPECTRUM
We now turn to alulate the urrent-urrent orrelator
of the tunnel juntion oupled to the harmoni osillator
as desribed by the model of setion II. Taking advantage
of the general analysis in the Markovian approximation
presented above in Setion VB, the urrent-urrent or-
relator an be written in the form:
S(t) = S1(t) + Sx(t) + Sx2(t) . (6.1)
Here S1 is the singular part dened in Eq. (5.17) and
speied in Eq. (B11). The regular ontribution is given
by seond and third terms on the right in Eq. (6.1), as
obtained by inserting the expression for the drift super-
operator J , Eq. (A11), into the expression for the regular
ontribution, Eq. (5.24), giving
Sx(t) = 2V Gx xJ (t) + gx
~
m
pJ(t) (6.2)
and
Sx2(t) = V Gxx x
2
J(t) (6.3)
where the time dependent quantities are given by
XJ(t) = Tr
(
Xˆ Ut {δJ {ρˆs}}
)
, (6.4)
with Xˆ = xˆ, pˆ, xˆ2, respetively. It is readily heked that
the latter quantities evolve in time in aordane with
their orresponding lassial equations of motion for a
damped osillator with initial onditions given by
XJ(0) = Tr
(
Xˆ δJ {ρˆs}
)
, Xˆ = xˆ, pˆ, xˆ2, pˆ2 . (6.5)
The alulation of these quantities are presented in ap-
pendix B, giving aording to Eq. (6.2) and Eq. (6.3) an
expliit expression for the urrent-urrent orrelator S(t)
and thereby, aording to Eq. (5.9), for the noise power
Sω. Fourier transforming the urrent-urrent orrelator
gives, aording to Eqs. (B9, B10, B11), peaks in the
noise power as well as a onstant up-shift in the noise
oor, the noise pedestal. The noise power spetrum is
displayed in the inset in Fig. 3. As expeted, there is a
pronouned peak at the frequeny of the osillator, and
in addition two side peaks eah shifted by the frequeny
of the osillator, one at zero frequeny and one at twie
the osillator frequeny.
Below, we analyze the noise in two frequeny regions:
(i) low frequeny noise at frequenies ω . γ; and (ii)
noise in the viinity of the osillator resonane frequeny
ω ≈ ω0 and ω ≈ 2ω0. We examine the voltage and
temperature features of the noise power.
A. Low frequeny noise
Let us onsider low frequeny noise, at frequenies of
the order of the damping rate and lower, ω . γ. Then the
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noise power spetrum is given by the Fourier transform of
the orrelation funtions S1(t) and Sx2(t) in Eqs. (B10),
and (B11), respetively, giving
Sω = S
(0) + S(1) + S(2)ω (6.6)
where
S(0) = 2G0V coth
V
2T
(6.7)
is the low frequeny, ω ≪ V , white Nyquist or Shottky
noise of the isolated juntion, and S(1) is the orretion to
the white noise due to the interation with the osillator
S(1) = 2G˜xxΩ (N
∗(Ne + 1) +Ne(N
∗ + 1)) . (6.8)
Together these two ontributions form the noise pedestal,
S∞ = S
(0) + S(1). The frequeny dependent part, S
(2)
ω ,
beomes at low frequenies
S(2)ω = G˜xx
4γγe
ω2 + 4γ2
V
Ω
(
2V N∗2 + (V −∆V ) (2N
∗ + 1)
)
.
(6.9)
The low frequeny noise is displayed expliitly propor-
tional to the oupling to the eletroni tunnel juntion
environment as we have taken advantage of the relation
γe = G˜xxΩ. The width of the low frequeny peak is
twie the damping rate 2γ. At zero bias, V = 0, where
S
(2)
ω = 0 and the osillator and eetive juntion tem-
peratures equal the environment temperature, leaving
N∗ = Ne = NΩ, one reovers the utuation-dissipation
relation for the noise power, Sω=0 = 4TG, where G is the
linear ondutane of the juntion in the presene of the
interation with the osillator, i.e., given by Eq. (4.7).
In the following we disuss the features of the low fre-
queny exess noise, the noise due to the oupling to the
osillator, and in partiular the noise peak height at zero
frequeny, in the limits of temperatures high and low
ompared to the osillator frequeny.
1. Low temperature noise
First we onsider the low frequeny noise at low tem-
peratures, T ≪ Ω. As expeted, no exess noise is a-
ording to Eq. (6.6) generated by the osillator at zero
temperature and voltages below the osillator frequeny,
|V | < Ω, where the osillator annot be exited from its
ground state. Indeed, in the region of low temperatures,
T ≪ Ω, and low voltages, V < Ω, the osillator is non-
responsive and the exess noise, S(1) and S
(2)
ω , vanishes
exponentially in Ω/T below the ativation energy Ω.
Close to the noise onset threshold, |V | ∼ Ω, in the
narrow region, ||V |−Ω| ≪ T , the peak height relative to
the pedestal rises linearly with temperature
S
(2)
ω=0 =
γe
γ
T G˜xx. (6.10)
At voltages muh higher than threshold, |V | ≫ Ω, the
peak height relative to the pedestal beomes
S
(2)
ω=0 = 2
G˜2xx
γ
V 2
(
1
2
+
γe
γ
|V |
2Ω
+
(
γe
γ
V
2Ω
)2)
. (6.11)
The zero frequeny noise is proportional to V 4 if the ef-
fetive oupling to the eletroni environment is appre-
iable, i.e., the ratio γe/γ is not too small. In the high
voltage limit, the osillator is in the lassial regime but
with the osillator temperature given by T ∗ = |V |/2 as
disussed in setion IV.
2. High temperature noise
At temperatures higher than the osillator frequeny,
T ≫ Ω, we an distinguish two voltage regimes. At low
voltages, V ≪ T , the peak height sales quadratially in
both the temperature and voltage
S
(2)
ω=0 =
2
γ
G˜2xx V
2
(
T
Ω
)2
, (6.12)
and we reall that the osillator temperature equals the
juntion temperature, T ∗ = T .
At high voltages, V ≫ T , the peak height beomes
S
(2)
ω=0 =
2
γ
V 2G˜2xx
(
γ0
γ
T
Ω
+
γe
γ
|V |
2Ω
)2
, (6.13)
At high temperatures, the osillator is in the lassi-
al regime and the average oupation number depends
linearly on the osillator temperature. The peak height,
proportional to the utuations in the osillator position
squared, is proportional to the square of the average o-
upation number, and is therefore proportional to the
square of the osillator temperature.
B. High frequeny noise
Next, we investigate the properties of the peaks in
the noise power spetrum ourring at nite frequen-
ies, at the osillator frequeny, ω ≈ ω0, and its har-
moni, ω ≈ 2ω0. The Markovian approximation allows
us to onsider the high frequeny noise only under the
ondition Eq. (2.24), that the frequeny is muh smaller
than the maximum value of the voltage or the temper-
ature, and for frequenies in question, this means that
max(T, V ) ≫ Ω for onsisteny. The inset in Figure 3
shows the frequeny dependene of the noise power spe-
trum, Eq. (5.9), in the ase of high temperatures, T ≫ Ω.
The noise power displays three peaks. The noise power
spetrum, onsists at ω ≈ ω0 of a Lorentzian part, as
given by the Fourier transform of Eq. (B9), with a width
given by the damping rate, γ, and an asymmetri part
speied by Eq. (B9) and present only for an asymmet-
ri juntion. At ω ≈ 2ω0, the noise power spetrum is
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aording to Eq. (B10) a Lorentzian with a width given
by twie the damping rate, 2γ. We now turn to disuss
these peak heights at high and low temperatures.
1. High frequeny noise at high temperatures
At high temperatures, T ≫ V ≫ Ω, the height of the
peak at the osillator frequeny relative to the pedestal
depends linearly on temperature
S(2)ω=ω0 = 2
T
γ
[
G˜2x
4V 2
Ω
− g˜2xΩ
]
, (6.14)
and is determined by the ondutanes G˜x and g˜x.
At double the osillator frequeny the peak height de-
pends quadratially on temperature
S
(2)
ω=2ω0
=
1
γ
G˜2xx
V 2T 2
Ω2
(6.15)
and just as the peak at zero frequeny determined by the
ondutane G˜xx. We note that its height is half that of
the peak at zero frequeny, Eq. (6.12).
The expressions for the exess noise, Eq. (6.14) and
Eq. (6.15), are in fat also valid at low voltage. Contrary
to the peaks at ω = 0 and ω = 2ω0, whih vanish in the
absene of voltage, the exess noise power at ω ≈ ω0 is
therefore nite for an asymmetri juntion even at zero
voltage, and aording to Eq. (6.14) in fat negative. An
asymmetri juntion with a Q-fator muh larger than
T/Ω an thus at zero voltage lead to a suppression of the
noise power below that of an isolated juntion.
2. High frequeny noise at low temperatures
At high voltages and low temperatures, V ≫ Ω ≫ T ,
the peak height at the osillator frequeny beomes
S(2)ω=ω0 =
2V
γ
[
2G˜2xV
(
1 +
γe
γ
|V |
Ω
)
− g˜2xΩ
(
1−
γe
2γ
)]
,
(6.16)
and the peak height at twie the osillator frequeny
S
(2)
ω=2ω0
=
1
γ
G˜2xxV
2 γe
γ
|V |
2Ω
(
γe
γ
|V |
2Ω
+ 1
)
. (6.17)
The noise an be large due to the high osillator temper-
ature.
3. Noise asymmetry
A striking feature of the nite frequeny noise is the
ontribution proportional to gxGx. It is odd relative to
the sign of the voltage and does not depend on the state
of the osillator (see Eq. (B10)). This term, whih is
only present for an asymmetri juntion, gx 6= 0, does
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FIG. 3: The exess noise power spetrum, ∆Sω = Sω − S∞,
due to an osillator oupled to an asymmetri juntion is
shown by the full line for the parameter values V/Ω = 10,
T/Ω = 0.01, γ0/ω0 = 0.05 and ondutanes G0 = 1,
G˜x = 0.07, g˜x = 0.05, and G˜xx = 0.005 giving for the ele-
troni oupling onstant γe/ω0 = 0.005. The dotted line
shows the ontribution symmetri in the voltage, S+ω ,and
the dash-dotted line the ontribution asymmetri in the volt-
age, S−ω . The inset shows the noise power spetrum for the
high temperature T = 100Ω, but otherwise the same set of
parameters, a regime where the peaks at zero and twie the
osillator frequeny are also visible.
not ontribute to the peak height at the osillator fre-
queny, but provides the asymmetry of the peak in the
frequeny region around the osillator frequeny, ω = ω0.
Separating the even and odd voltage ontributions in the
noise power, S±ω =
1
2 (Sω(V )± Sω(−V )), the odd ontri-
bution beomes
S−ω = g˜xG˜x (Fω0(ω)− F−ω0(ω)) (6.18)
×
(
V 2 coth
V
2T
+ΩV (2Ne + 1)−
Ω
2
∆V
)
,
with the frequeny dependene given by the funtion
Fω0(ω) =
2(ω0 − ω)
γ2 + (ω − ω0)2
.
The noise power spetrum is displayed by the full line
in Figure 3 for the temperature T = 0.01Ω, where only
the peak at the osillator frequeny is appreiable. The
even part in voltage of the noise power, S+ω , displayed by
the dotted line, is a symmetri funtion of the frequeny
relative to the frequeny of the osillator, and the odd
part in the voltage, S−ω , displayed by the dash-dotted line,
is an anti-symmetri funtion of the frequeny relative to
the osillator frequeny. If the voltage is reversed, the
frequeny dependene of the asymmetri part is mirrored
around the frequeny ω = ω0.
In ontrast to an isolated juntion, the noise power of
the oupled juntion-osillator system shows asymmetry
in the voltage. This behavior is a novel feature that arises
when an asymmetri juntion is oupled to an additional
degree of freedom.
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VII. CONCLUSIONS
We have applied the harge projetion tehnique to ob-
tain the harge spei dynamis of a ontinuous quan-
tum degree of freedom oupled to a tunnel juntion. The
master equation for the harge spei density matrix has
been derived, desribing the harge onditioned dynam-
is of the oupled objet as well as the harge transfer
statistis of the juntion. The method allows evaluating
at any moment in time the joint probability distribution
desribing the quantum state of the objet and the num-
ber of harges transferred through the juntion.
The approah, generally valid for any quantum objet
oupled to the juntion, has been applied to the generi
ase of a nanoeletromehanial system, a harmoni osil-
lator oupled to the harge dynamis of a tunnel juntion.
In this regard it is important that the method allows in-
lusion of a thermal environment in addition to the ele-
troni environment of the tunnel juntion sine nanores-
onators are invariably oupled to a substrate. The os-
illator dynamis, desribed by the redued density ma-
trix for the harmoni osillator, the harge spei den-
sity matrix traed with respet to the harge index, has
upon a renormalization been shown to satisfy a mas-
ter equation of the generi form valid for oupling to
a heat bath. Even though the eletroni environment
is in a non-equilibrium state, the master equation is of
the Caldeira-Leggett type, onsisting of a damping and
a utuation term. Though the oeients of the terms
are not related by the equilibrium utuation-dissipation
relation, the utuation term originating from the ou-
pling to the juntion is of the steady-state utuation-
dissipation type, ontaining the urrent noise power spe-
tral funtion of the isolated juntion taken at the fre-
queny of the osillator. The diusion parameter is thus
determined by all energy sales of the problem inluding
temperature, voltage and osillator frequeny. The pres-
ene of an environment in a non-equilibrium state thus
leads to features whih are absent when the osillator is
only oupled to a heat bath.
The Markovian master equation for the harge spei
density matrix has been used to alulate the urrent.
In general, the average juntion urrent onsists of an
Ohmi term, however, with a ondutane modied due
to the oupling to the osillator dynamis, a quantum
orretion, and a dissipationless a urrent only present
for an asymmetri juntion and proportional to the in-
stantaneous veloity of the osillator. The latter term
does not depend on voltage expliitly and is an example
of an eet similar to quantum pumping.
The stationary state of the osillator has been shown
to be a thermal state even though the environment is
in a non-equilibrium state. Therefore, the only eet of
the bias is heating of the juntion. Thus the stationary
osillator state is a thermal equilibrium state, though in
equilibrium at a higher temperature than that of the en-
vironment if the juntion is in a non-equilibrium state of
nite voltage. This is a bakation eet of the measur-
ing devie, the tunnel juntion, on the osillator. At zero
temperature and voltages below the osillator frequeny,
the osillator remains, to lowest order in the tunneling,
in its ground state, and the d urrent equals that of
an isolated juntion. The oupling of the osillator to
the additional heat bath, desribed by the oupling on-
stant γ0, is shown to be beneial for avoiding heating
of the osillator due to a nite voltage. This is of im-
portane for appliation of quantum point ontats and
tunnel juntions to position measurements aiming at a
preision reahing the quantum limit.
The harge projetion method has been used to infer
the statistial properties of the juntion urrent from the
harge probability distribution. For example, the noise
power spetrum is speied in terms of the variane of the
harge distribution. The master equation for the harge
spei density matrix an therefore be used to obtain
the urrent-urrent orrelator diretly, and this has been
done expliitly in the Markovian approximation. The
exess noise power spetrum due to the oupling to the
osillator onsists of a main peak loated at the osilla-
tor frequeny and two smaller peaks loated at zero fre-
queny and twie the osillator frequeny, respetively.
The peaks at zero frequeny and at twie the osillator
frequeny have heights proportional to the oupling on-
stant Gxx squared, whereas the height of the peak at the
osillator frequeny is proportional to the oupling on-
stants Gx and gx squared. The voltage and temperature
dependenies of the peaks has been examined in detail.
For an asymmetri juntion, the noise power spetrum
ontains a term with the striking feature of being an odd
funtion of the voltage and independent of the state of the
osillator. Contrary to the ase of a symmetri juntion,
oupling of an osillator to an asymmetri juntion with
temperature higher than the osillator frequeny results
even at zero voltage in a suppression of the noise power
at the osillator frequeny, the exess noise power being
negative. For an asymmetri juntion, the noise power at
ω ≈ ω0 an thus be suppressed below the Nyquist level
of the isolated juntion.
The Markovian approximation employed to alulate
the noise power an not be validated at arbitrary fre-
quenies ompared to temperature or voltage. Not sur-
prisingly, naive attempts to extend expressions beyond
the Markovian appliability range, Eq. (2.24), leads to
unphysial results for the noise. For example, at zero
temperature and voltages below the osillator frequeny,
a spurious noise power arises even for the osillator in the
ground state.
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APPENDIX A: CHARGE SPECIFIC MASTER
EQUATION
In a previous paper we introdued the harge represen-
tation for a general many-body system.
20
The approah
is based on the use of harge projetors previously in-
trodued in the ontext of ounting statistis.
21
In the
harge representation, the dynamis of a quantum ob-
jet oupled to a many-body system is desribed by the
harge spei density matrix
ρˆn(t) = Trel (Pn ρ(t)) (A1)
where ρ(t) is the full density matrix for a many-body
system and a quantum objet oupled to it, and Trel de-
notes the trae with respet to the degrees of freedom
of the many-body system, in the following assumed the
ondution eletrons of a tunnel juntion. The harge
projetion operators Pn, whih projet the state of the
system onto its omponent for whih exatly n eletrons
are in a speied region of spae, have been disussed in
detail earlier.
20,21
There we disussed the irumstanes
under whih the harge index, n, an be interpreted as
the number of harges transferred through the juntion,
and the harge projetor method thus provides a basis for
harge ounting statistis in the ases where the distribu-
tion funtion for transferred harge is a relevant onept.
In this ase, the harge spei density matrix allows the
evaluation, at any moment in time, of the joint proba-
bility of the quantum state of the objet and the num-
ber of harges transferred through the juntion. In the
previous paper, the non-Markovian master equation for
the harge spei density matrix for an arbitrary quan-
tum objet oupled to a low transpareny tunnel juntion
was derived.
20
A non-Markovian master equation is less
tratable for alulational purposes and the Markovian
approximation is employed in the present paper. This
is quite suient for alulations of average properties,
suh as the average urrent through the tunnel juntion,
where only the long time behavior needs to be addressed.
However, when alulating the urrent noise of the jun-
tion, the Markovian approximation limits the desription
to the low frequeny noise as disussed in setion VI.
The Markovian harge spei master equation for a
quantum objet oupled to the juntion was in general
shown to have the form
20
˙ˆρn(t) =
1
i~
[Hˆ0, ρˆn(t)]+Λ{ρˆn(t)}+D{ρˆ
′′
n(t)}+J {ρˆ
′
n(t)},
(A2)
where ρˆ′n and ρˆ
′′
n denote the disrete derivatives intro-
dued in Eqs. (2.10, 2.11), and the Lindblad-like super
operator, Λ{ρˆn}, has the form
Λ{ρˆ} =
1
~
[∑
lr
fl(1 − fr)
([
Tˆ †
lr
]
ρˆTˆlr − Tˆlr
[
Tˆ †
lr
]
ρˆ
)
(A3)
+
∑
lr
fr(1− fl)
(
Tˆlrρˆ
[
Tˆ †
lr
]
− ρˆ
[
Tˆ †
lr
]
Tˆlr
)]
+H.c.
where here and in the following H.c. represents the her-
mitian onjugate term with respet to the variable of the
quantum objet. The braket denotes the operation
[
Tˆlr
]
=
1
~
∞∫
0
dτei(ε+eV )τ/~e−iHˆ0τ/~Tˆlre
iHˆ0τ/~, (A4)
where Tˆlr is the osillator perturbed tunneling amplitude,
Eq. (2.4), and ε = εl − εr, and fl and fr are the single
partile energy distribution funtions for the eletrodes
whih in the following are assumed in equilibrium de-
sribed by the juntion temperature T . In this paper,
we restrit ourself to the ase where the juntion is bi-
ased by a onstant voltage U , denoting V = eU , where
e is the eletron harge. The dagger indiates hermitian
onjugation of operators of the oupled quantum objet.
The drift super-operator is
J {Rˆ} =
1
~
∑
lr
F a
lr
2
([
Tˆ †
lr
]
RˆTˆlr + TˆlrRˆ
[
Tˆ †
lr
]
+H.c
)
+
F s
lr
2
([
Tˆ †
lr
]
RˆTˆlr − TˆlrRˆ
[
Tˆ †
lr
]
+H.c.
)
, (A5)
and it has been written in terms of the symmetri and
antisymmetri ombinations of the distribution funtions
F s
lr
= fl + fr − 2flfr, F
a
lr
= fl − fr.
The diusion super-operator an be obtained from the
drift super-operator aording to
D{Rˆ} =
1
2
Js↔a{Rˆ}, (A6)
where the subsript indiates that symmetri and an-
tisymmetri ombinations of the distribution funtions
should be interhanged, F s
lr
↔ F a
lr
.
The braket notation is speied in Eq. (A4), where
in general H0 denotes the Hamiltonian for the isolated
arbitrary quantum objet. In the following we onsider
an osillator oupled to the juntion, and H0 represents
the isolated harmoni osillator.
As expeted, the oupling of the osillator to the tun-
nel juntion leads to a renormalization of its frequeny,
ω2B → ω
2
0 . The renormalization originates tehnially
in the term present in the Lindblad-like operator, Λ{ρˆ},
whih is quadrati in the osillator oordinate and of
ommutator form with the harge spei density ma-
trix, and gives for the renormalized frequeny
ω20 = ω
2
B −
2
m
∑
lr
F a
lr
(P+ + P−)|wlr|
2
where
P± = ℜ
1
ε− V ∓ ~ω0 + i0
. (A7)
For the onsidered interation, the renormalization an
be simply handled by hanging in Eq. (A4) from the evo-
lution by the bare osillator Hamiltonian to the osillator
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Hamiltonian with the renormalized frequeny, the shift
being ompensated by subtrating an idential ounter
term. The above frequeny shift is then identied by
the ounter term having to anel the quadrati osil-
lator term of ommutator form generated by the Λ{ρˆ}-
part in Eq. (A2). Substituting for the bare osillator
Hamiltonian, Hˆ0, in (A4) the renormalized Hamiltonian,
Eq. (2.13), all quantities are expressed in terms of the
physially observed osillator frequeny ω0. In partiu-
lar, the braket beomes
[
Tˆlr
]
= pi
(
δ0vlr + (δ+ + δ−)
wlr
2
xˆ− i(δ+ − δ−)
wlr
2mω0
pˆ
)
+ i
(
P0vlr + (P+ + P−)
wlr
2
xˆ− i(P+ − P−)
wlr
2mω0
pˆ
)
, (A8)
where
δ0 = δ(ε− V ), δ± = δ(ε− V ∓ ~ω0), (A9)
and
P0 = ℜ
1
ε− V + i0
. (A10)
In the following the notation Ω = ~ω0 for the harater-
isti osillator energy is introdued.
Evaluating the diusion and drift operators for the
ase of position oupling of the osillator to the juntion,
Eq. (2.4), we obtain for the drift super-operator
J {Rˆ} = V G{Rˆ}+
~
mΩ
Gxx∆V ℑ(xˆRˆpˆ) +Gx
i~
2mΩ
∆V [pˆ, Rˆ] + gx
~
2m
{pˆ, Rˆ}+ gx
1
2i
(
V coth
V
2T
+ SV
)
[xˆ, Rˆ], (A11)
where the ondutane super-operator is dened as
G{Rˆ} ≡ G0Rˆ+Gx{xˆ, Rˆ}+GxxxˆRˆxˆ, (A12)
and
∆V =
V +Ω
2
coth
V +Ω
2T
−
V − Ω
2
coth
V − Ω
2T
, (A13)
and
SV =
V +Ω
2
coth
V +Ω
2T
+
V − Ω
2
coth
V − Ω
2T
, (A14)
the latter being proportional to the urrent noise power
spetrum at the frequeny of the osillator. For the dif-
fusion super-operator we obtain
D{Rˆ} =
V
2
coth
V
2T
G{Rˆ}+
Gxx
2
(
BV xˆRˆxˆ+
~
m
ℑ(xˆRˆpˆ)
)
+
~A
mΩ
ℜ(pˆRˆxˆ)
+
Gx
4
(
BV {xˆ, Rˆ}+
i~
m
[pˆ, Rˆ]
)
+ gx
(
V
2i
[xˆ, Rˆ] +
~∆V
4mΩ
{pˆ, Rˆ}
)
, (A15)
where
BV = SV − V coth
V
2T
(A16)
and we have introdued the notation
ℜ(pˆRˆxˆ) =
1
2
(
(pˆRˆxˆ) + (pˆRˆxˆ)†
)
, (A17)
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and
ℑ(pˆRˆxˆ) =
1
2i
(
(pˆRˆxˆ)− (pˆRˆxˆ)†
)
, (A18)
in (A11) and (A15).
The parameter A in Eq. (A15) is given by
AV =
~
2
2mΩ
∑
lr
|wlr|
2F s
lr
(P+ − P−), (A19)
and was enountered and disussed in onnetion with
the unonditional master equation, Eq. 2.12. Tehni-
ally, it originates in our model from the prinipal value
of integrals, i.e., from virtual proesses where eletroni
states far from the Fermi surfae are involved. Estimat-
ing its magnitude under the assumption that the ou-
plings |wlr|
2
are onstants, one obtains with logarithmi
auray
A ≈
2~2Gxx
pim
ln
EF
max(V,T,Ω)
. (A20)
In the ourse of evaluating the diusion and drift op-
erators, ombinations like ℑ/ℜ (v∗
lr
wlr) appear together
with prinipal value terms. The phase of v∗
lr
wlr will in
general be a random funtion of the eletron reservoir
quantum numbers l and r. Summing over these quan-
tum numbers, where the prinipal value term does not
provide any restrition of the energy interval, as it hap-
pens in the ase of terms proportional to delta funtions,
they will tend to average to zero, and we shall therefore
in the following neglet suh terms.
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APPENDIX B: NOISE IN MARKOVIAN
APPROXIMATION
In this setion we evaluate in the Markovian approxi-
mation the urrent-urrent orrelator of the tunnel jun-
tion for the ase of a harmoni osillator oupled to the
juntion. The task has been redued to evaluating the
expressions in Eq. (6.2) and Eq. (6.3), i.e., quantities of
the form Eq. (6.4) where the involved super-operator is
the evolution operator for the harge unonditional den-
sity matrix given in Eq. (2.21).
It immediately follows from the master equation,
Eq. (2.21), that quantities like X(t) = Tr(Xˆρˆ(t)), where
Xˆ an denote xˆ, pˆ, xˆ2, and pˆ2, and ρˆ is an arbitrarily
normalized solution to the master equation, satisfy the
orresponding lassial equations of motion for a damped
osillator. The variables entering Eq. (6.4) an therefore
be expressed in terms of their initial values at time t = 0,
and restriting ourselves for simpliity to the ase of weak
damping, γ ≪ ω0, they have the form orresponding to
that of an underdamped lassial osillator
xJ (t) = xJ (0)e
−γt cosω0t+
pJ(0)
mω0
e−γt sinω0t (B1)
and
pJ(t) = −mω0xJ (0)e
−γt sinω0t+ pJ(0)e
−γt cosω0t
(B2)
and
x2J (t) = e
−2γtx2J (0) cos
2 ω0t+
p2J (0)
m2ω20
e−2γt sin2 ω0t
+ e−2γt
{x, p}J(0)
2mω0
sin 2ω0t. (B3)
The initial values in these equations are found from
Eq. (6.5) to be
xJ(0) = Gx
(
~
2
mΩ
)(
V (2N∗ + 1)−
1
2
∆V
)
(B4)
pJ(0)
m
= gx
~
2
(
Ω(2N∗ + 1)−
(
V coth
V
2T
+ SV
))
(B5)
p2J(0)
2m
+
mω20x
2
J(0)
2
=
G˜xx
(
ΩV N∗2 +Ω(V −∆V ) (N
∗ +
1
2
)
)
(B6)
mω20x
2
J (0)
2
−
p2J(0)
2m
= G˜xx ΩV N
∗(N∗ + 1) (B7)
{x, p}J(0) = 0 . (B8)
Substituting these initial values into equations Eqs. (B1-
B3), we obtain using Eqs. (6.2) and (6.3) the expressions
in Eq. (6.1) for the regular part of the urrent-urrent
orrelator
Sx(t) = G˜
2
xe
−γt cosω0tV (2V (2N
∗ + 1)−∆V )− g˜
2
xe
−γt cosω0t
(
1
2
ΩV coth
V
2T
+Ω2(Ne −N
∗)
)
−g˜xG˜xe
−γt sinω0t
(
V 2 coth
V
2T
+ΩV (2Ne + 1)−
1
2
Ω∆V
)
(B9)
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and
Sx2(t) =
1
2
G˜2xxe
−2γtV
(
2V N∗2 + (V −∆V ) (2N
∗ + 1)
)
+ G˜2xxe
−2γtV 2N∗(N∗ + 1) cos 2ω0t . (B10)
Evaluating in Eq. (5.17) the trae of the diusion super-
operator in the stationary state of the osillator, D {ρˆs},
we obtain aording to Eq. (A15) for the singular part of
the noise orrelator
S1(t) = 2δ(t)
(
G0
V
2
coth
V
2T
+ G˜xx
Ω
2
(
N∗(Ne + 1) +Ne(N
∗ + 1)
))
. (B11)
We observe that as to be expeted, the Markovian
approximation for the dynamis of the harge spei
density matrix only aptures the low-frequeny noise,
ω < max
(
T
~
, V
~
)
, and in setion VI we shall therefore
only disuss this limit.
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The urrent-urrent orrelator, S(t), tends to zero at large
times and a onvergene fator, exp(−δt), an be inserted
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into the integrand in the expression for the power spe-
trum, Eq. (5.9). Upon inserting the expression for the
urrent-urrent orrelator, Eq. (5.8), into the expression for
the power spetrum, a partial integration gives MaDon-
ald's formula Sω = 2ω
∫
∞
0
dt e−δt sin(ωt)
d〈〈n2(t)〉〉
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, sine
the vanishing of the boundary term at t = 0 is ensured by
virtue of Eq. (5.7).
34
A similar renormalization was enountered and disussed
in onnetion with a two-level system oupled to a tunnel
juntion.
20
35
We reall the result for an isolated juntion:
20
using the
non-Markovian master equation for the harge spei den-
sity matrix, one obtains for the power spetrum of urrent
noise Sω = I(V + ω) coth
V+ω
2T
+ I(V − ω) coth V−ω
2T
, the
general result for a biased juntion, valid for arbitrary fre-
queny and non-linear I−V harateristi, I = I(V ). The
Markovian approximation only aptures the low frequeny
limit of the noise power.
